	
[image: image1.emf]Exponents & Radicals

Chapter 4



	
[image: image2.emf]Squares and Square Roots

• The Pythagoreans used to make squares 

in the sand with stones.  A square with 

sides of 2 has 4 stones, with sides of 3 

has 9 stones, sides of 4 has 16 stones, 

etc.

2

2

= 4 3

2

= 9 4

2

= 16



	
[image: image3.emf]Squares and Square Roots

• We use the 

2 

to mean squaring a number 

or multiplying it by itself, and pronounce it 

as either ‘squared’ or ‘to the 

power/exponent of  2’.

• Eg. 5

2

=

6

2

=

7

2

=



	
[image: image4.emf]Square Roots

• Finding the square root, denoted √ is 

the reverse.  It is finding the side length of 

a square made up of a given number of 

stones, or rather a number that when 

multiplied by itself gives the number under 

the  .

Eg. 64  =

81  =

144 =



	
[image: image5.emf]Square Roots

• Only positive numbers have square roots, 

however each number has two square 

roots since (-) x (-) = (+)

• Eg.  The square root of 100 is 10 or -10

• Usually we only want the positive or 

principal square root



	
[image: image6.emf]Cubes & Cube Roots

• Like making a square in the sand with 

stones, an exponent of 3 refers to making 

a cube, with all sides/factors equal

• So 2

3

=

3

3

=

(-5)

3

=

• A cube root, 

3

√, is the reverse

3

√1000  =



	
[image: image7.emf]Identifying Perfect Squares and 

Perfect Cubes

• This can be accomplished by prime 

factorization, or drawing diagrams

Ex. 196  =



	
[image: image8.emf]Identifying Perfect Squares and 

Perfect Cubes

• Similarly with 216

216  =



	
[image: image9.emf]Memorize them

• You should know these perfect squares:

• And preferably extend to these:

• And these perfect cubes:



	
[image: image10.emf]Distributive Property

• The square root of a number is also the 

product of the square root of its factors

Eg. √100 =

• The square root of a fraction is also the 

square root of the quotient of its factors

Eg. √(9/16) =



	
[image: image11.emf]Estimating Square Roots

• If you have to estimate a square root 

without a calculator:

1.  First determine which perfect squares 

the number is between

2.  Use trial and error, adding decimal 

places to the end to find the approximate 

square root



	
[image: image12.emf]Estimating Square Roots

• Example, find  30 to one decimal place



	
[image: image13.emf]Square and Cube Roots

• A number can be both a perfect square, 

and a perfect cube

Eg.  64 →



	
[image: image14.emf]Exponent Rules

1. If multiplying powers with the same base,  

Eg.   8

2

x  8

3

=   

d

5

x d

4

=  

2. If dividing powers with the same base, 

Eg. 10

9

÷ 10

3

=  

w

12

÷ w

7

=  
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3. If a power is raised to an exponent, 

Example (6

3

)

5

= 

(x

2

)

4

=



	
[image: image16.emf]Examples

(3

7

)(3

-5

) =

(6

4

)÷(6

-8

) =

(9

3

)

-2 

=

7(2

5

) =



	
[image: image17.emf]Zero and Negative Exponents

Examples 10

3

= 

10

2

=

10

1

=

10

0

=

10

-1

=

10

-2

=

10

-3

=



	
[image: image18.emf]Zero and Negative Exponents

So any number, except zero, with an 

exponent of zero =

Examples  

A negative exponent turns the number into 

a fraction under 1 with a positive exponent

Examples   

Fractions flip over



	
[image: image19.emf]Rational Exponents

• Exponents that are fractions or decimals 

are subject to the same exponent rules, 

although in some cases it is easier to 

convert them to fractions if necessary

Ex. (7

½

)(7

½

) =



	
[image: image20.emf]Rational Exponents

• A fraction as an exponent can be broken 

into two or more operations:

Eg. 16

3/2

=



	
[image: image21.emf]Rational Exponents

• Similarly  8

-2/3

=



	
[image: image22.emf]Other Examples

(x

2

)(x

3/2

) =

(4

3/5

)

5/2

=

(-8y

6

/27)

(1/3)

= 



	
[image: image23.emf]Irrational Numbers

• Rational numbers can be expressed as 

fractions, a/b, where a & b are integers, 

and b = 0, or as terminating or repeating 

decimals, eg. 

• Irrational numbers cannot be expressed as 

fractions or terminating/repeating decimals

• Examples:



	
[image: image24.emf]Irrational Numbers

• Powers with fractional exponents can be 

written as 

radicals

Eg. x

1/n

=

• When n is even, x cannot be negative

• For powers x

m/n

= 

or even

Where m and n are integers



	
[image: image25.emf]Converting Powers to Radicals

• The denominator of the exponent is the 

“root”

• The numerator is the exponent

Eg.  16

3/4

=

(27x

4

)

1/3

=



	
[image: image26.emf]Converting Radicals to Powers

• The root is the denominator of the 

exponent

• Any exponents are the numerator

Eg.

4

√x

3

=

(√x)

5

=



	
[image: image27.emf]Mixed Radicals and Entire Radicals

• This is similar to mixed numbers versus 

improper fractions

• An entire radical has only a single number 

under the radical sign, eg. 

• A mixed radical has a coefficient that is 

multiplied to the entire radical, eg. 



	
[image: image28.emf]Converting Entire Radicals to 

Mixed Radicals

• This requires knowing your perfect 

squares

• Find a perfect square that divides evenly 

into the number, then taking the square 

root gets it out of the radical sign

Eg.  √50 =

√12 = 

√54 =



	
[image: image29.emf]Converting Mixed Radicals to 

Entire Radicals

• Simply the reverse.

• Square the number outside the radical to 

get it inside, and multiply by the number 

inside

Eg. 4√2 =

8√7 =



	
[image: image30.emf]Examples of other roots

Eg.

3

√24 =

3

3

√2 =

4

√32 =

2

5

√6 =



	
[image: image31.emf]Ordering Irrational Numbers

• You can do this either by making them all 

entire radicals, or using decimal 

approximations

Eg.  2√5, √12, 3√3, √23

=



	
[image: image32.emf]Solving Problems with Irrational 

Numbers

• Rearrange equations by squaring, cubing, 

etc.

• Example:  If V = s

3

, find s when V = 27000

V = s

3




Identifying Perfect Squares and Perfect Cubes

Similarly with 216

		216 	=







Identifying Perfect Squares and
Perfect Cubes

+ Similarly with 216
216 =





Examples

(37)(3-5) =



(64)÷(6-8) =



(93)-2 =



7(25) =







Examples
@39 =

(89+(69) =

©2=

709 =





Rational Exponents

A fraction as an exponent can be broken into two or more operations:

Eg.	163/2 =







Rational Exponents

+ Afraction as an exponent can be broken
into two o more operations:
g 6%





Zero and Negative Exponents

	So any number, except zero, with an exponent of zero =	 

	Examples  



	A negative exponent turns the number into a fraction under 1 with a positive exponent

	Examples   	

	Fractions flip over	 









Zero and Negative Exponents

Soany number, except zero, with an
exponentofzero =

Examples

A negative exponentturns the number into
affaction under 1 with a positive exponent

Examples
Fractions fip over





Zero and Negative Exponents

Examples	103 = 

			102 =

			101 =

			100 =

			10-1 =

			10-2 =

			10-3 =







Zero and Negative Exponents

Examples 103=
1022
1or=
100
1ot
102
109+






Rational Exponents

Exponents that are fractions or decimals are subject to the same exponent rules, although in some cases it is easier to convert them to fractions if necessary

Ex.	(7½)(7½) =







Rational Exponents

+ Exponents thatare fractions or decimals
are subject to the same exponent ules,
although insome cases itis easier o
convertthem to fractions if necessary

Bx (79






Irrational Numbers

Powers with fractional exponents can be written as radicals 

			Eg. x1/n =

When n is even, x cannot be negative

For powers xm/n = 	

				or even	

Where m and n are integers









Irrational Numbers

+ Powers with ractional exponents can be.
written as radicals

Eg.xin
+ Whennis even, x cannotbe negative
+ Forpowers xmn

Wherem andn are integers





Other Examples

(x2)(x3/2) =



(43/5)5/2 =



(-8y6/27)(1/3) = 	







Other Examples
(3 x37)=

(@5

(8y79 =





Rational Exponents

Similarly  8-2/3	=







Rational Exponents

- Similarly 822 =





Irrational Numbers

Rational numbers can be expressed as fractions, a/b, where a & b are integers, and b = 0, or as terminating or repeating decimals, eg. 



Irrational numbers cannot be expressed as fractions or terminating/repeating decimals

Examples:









Irrational Numbers

+ Rational numbers can be expressed as
fractions, alb, where a & b are integers,
andb 0, oras terminating or repeating
decimals,eg.

+ Inational numbers cannotbe expressedas
fractions orterminatinglrepeating decimals

+ Examples:





Converting Entire Radicals to Mixed Radicals

This requires knowing your perfect squares

Find a perfect square that divides evenly into the number, then taking the square root gets it out of the radical sign

Eg. 	√50 =	

		√12 = 	

		√54 =	







Converting Entire Radicals to
Mixed Radicals
+ This requires knowing your perfect
squares
+ Finda perfect square that divides evenly
into the number, then taking the square
footgets it out f the radical sign
Eg. 50
i
N






Converting Radicals to Powers

The root is the denominator of the exponent

Any exponents are the numerator



Eg.	4√x3		=



		(√x)5		=







Converting Radicals to Powers

+ Therootis the denominator ofthe.
exponent
+ Any exponents are the numerator

g w¢

(08





Converting Powers to Radicals

The denominator of the exponent is the “root”

The numerator is the exponent



Eg. 	163/4 =	



		(27x4)1/3 =	







Converting Powers fo Radicals

+ The denominator ofthe exponentis the
“roof”
+ Thenumerator is the exponent

Eg 16%=

@mya=





Mixed Radicals and Entire Radicals

This is similar to mixed numbers versus improper fractions



An entire radical has only a single number under the radical sign, eg. 



A mixed radical has a coefficient that is multiplied to the entire radical, eg. 







Mixed Radicals and Entire Radicals

+ Thisis similarto mixed numbers versus
improperfractions.

+ An entire radical has only a single number
underthe radical sign, eg.

+ Amixed radical has a coefficienthatis
multiplied o he entire radical, eg





Examples of other roots

Eg.	3√24 =



		33√2 =



		 4√32 =



		25√6 =







Examples of other roots

g 4=
2=
wa2=

6=





Converting Mixed Radicals to Entire Radicals

Simply the reverse.

Square the number outside the radical to get it inside, and multiply by the number inside

Eg.	4√2	=	



		8√7	=	







Converting Mixed Radicals to
Entire Radicals
+ simply the reverse.

+ Square the number outsidethe radicalto
getitinside, and multply by the number
inside

Eg 42

a7





Ordering Irrational Numbers

You can do this either by making them all entire radicals, or using decimal approximations

Eg.  2√5, √12, 3√3, √23

				=







Ordering Irational Numbers

+ You can dothis ether by making them all
entireradicals, or using decimal
approximations

Eg. 215, V12, 343, 23





Solving Problems with Irrational Numbers

Rearrange equations by squaring, cubing, etc.

Example:  If V = s3, find s when V = 27000



			 	 V = s3

			







Solving Problems with Irrational
Numbers

+ Rearrange equations by squaring, cubing,
etc.

+ Example: IV = 52, find swhen V = 27000

ves






Estimating Square Roots

Example, find  30 to one decimal place







Estimating Square Roots

+ Example, indy3T to one decimal place





Exponent Rules

If multiplying powers with the same base,  



	Eg.  	82 x  83  =   	  

			d5 x d4 =  

If dividing powers with the same base, 



	Eg.	109 ÷ 103 =  

			w12 ÷ w7 =  







Exponent Rules

1. If multiplying powers with the same base,

Bg @x 8
@oxis
2. Ifdividing powers with the same base,

Eg 105 10°





Exponent Rules

If a power is raised to an exponent, 



	Example	(63) 5 = 

				(x2) 4 =









Exponent Rules

3. Ifa poweris raised to an exponent,

Bample (69%=
(@)=





Square and Cube Roots

A number can be both a perfect square, and a perfect cube



Eg. 	64 →







Square and Cube Roots

+ Anumber can be both a perfect square,
anda perfect cube

Eo. e





Distributive Property

The square root of a number is also the product of the square root of its factors

Eg. √100 =



The square root of a fraction is also the square root of the quotient of its factors

Eg. √(9/16) =







Distributive Property

+ The square rootofa number is also the
productofthe square rootof s factors.

£g V100

+ Thesquare rootofa fraction s alsothe
squareroot ofthe quotientof it factors

Eg.\(@16) =





Estimating Square Roots

If you have to estimate a square root without a calculator:

	1.  First determine which perfect squares the number is between

	2.  Use trial and error, adding decimal places to the end to find the approximate square root







Estimating Square Roots

+ Wfyouhave to estimate a square root
withouta calculator:

1. First determine which perfect squares
the number is between

2. Use tral and error, adding decimal
places tothe endto find the spproximate
squareroot





Memorize them

You should know these perfect squares:

	

And preferably extend to these:

	



And these perfect cubes:

	







Memorize them

+ You should knowthese perfect squares:

+ And preferably extend to these:

+ Andthese perfect cubes





Square Roots

Finding the square root, denoted √	is the reverse.  It is finding the side length of a square made up of a given number of stones, or rather a number that when multiplied by itself gives the number under the 	  .

	Eg.	64  =

			81  =

		       144 =	 







Square Roots

+ Findingthe square oot, denoted s
thereverse. It s inding the sidelength of
a square made up of a given number of
Stones, orather a number that when
multiplied by itself gives the number under
the

Eg

A8

a

H|





Cubes & Cube Roots

Like making a square in the sand with stones, an exponent of 3 refers to making a cube, with all sides/factors equal

So		23 =

			33 =

		    (-5)3 =

A cube root, 3√, is the reverse

			3√1000 	=







Cubes & Cube Roots

+ Like making a square inthe sand with
Stones, an exponentof 3 refers to making
a cube, with allsidesffactors equal

‘sz

EN
=
+ Acube root, %, is the reverse
1000






Identifying Perfect Squares and Perfect Cubes

This can be accomplished by prime factorization, or drawing diagrams

Ex.	196 	=







Identifying Perfect Squares and
Perfect Cubes
+ This can be accomplished by prime
factorization, or drawing diagrams.
Bx 196 =





Square Roots

Only positive numbers have square roots, however each number has two square roots since (-) x (-) = (+)

Eg.  The square root of 100 is 10 or -10



Usually we only want the positive or principal square root







Square Roots

+ Only positive numbers have square roofs,
however each number has two square.
roots since (-)x (- = (+)

+ Eg. The square r00tof 100 is 10 or 10

+ Usually we only want the positiveor
principal square root





Squares and Square Roots

The Pythagoreans used to make squares in the sand with stones.  A square with sides of 2 has 4 stones, with sides of 3 has 9 stones, sides of 4 has 16 stones, etc.







	22 = 4		32 = 9		42 = 16

































































Squares and Square Roots

+ ThePythagoreans used to make squares,
inthesand with stones. A square with
Sides of2 has 4 stones, with sides of 3
has 9 stones, sides of 4 has 16 stones,

ec. cee ocooe
P ese oo
.o oo






Squares and Square Roots

We use the 2 to mean squaring a number or multiplying it by itself, and pronounce it as either ‘squared’ or ‘to the power/exponent of  2’.

Eg.	52 =

		62 =

		72 =







Squares and Square Roots

+ We usethe 2o mean squaring a number
or multiplying tby itself. and pronounceit
as either ‘squared or 1o the
powerlexponentof 2

‘B B

&
7
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